Abstract-This paper presents an interference suppression scheme for multiuser downlink transmission in severe frequency-selective fading environments. Frequency-domain transmit beamforming and pre-equalization based on single-carrier frequency-domain equalization (SC-FDE) technique are employed to cancel co-channel interference (CCI) and to suppress intersymbol interference (ISI) with relatively low complexity. The proposed scheme effectively suppresses the ISI with a zero-forcing constraint on the CCI, and provides a viable solution to an otherwise analytically complex, if not unsolvable, problem. This paper also shows that, in frequency-selective fading channels, a multiuser system with users and base transceiver station antennas can offer lower bit error rate than a single-user system with + 1 BTS antennas, if the proposed frequency-domain multiuser beamforming is employed.
Interference Suppression for Multiuser Downlink
Transmission in Frequency-Selective Fading Channels receiver. Receive processing usually can not suppress CCI effectively in such systems. So transmit preprocessing [9] is generally preferred. Literature abounds in proposals of and investigations on innovative schemes that explore the system throughput gain. Schubert [10] proposed a downlink beamforming scheme with an individual signal-to-interference and noise ratio (SINR) constraint. A block channel inversion (or block diagonalization) algorithm was presented in [11] to optimize power transfer to multiple antennas. Wong et al. [12] developed a multiuser solution that maximizes a lower bound for the product of SINR. In [13] , a multiuser space-time block coding (STBC) scheme was proposed with an eigenmode selection approach. Multi-user schemes for frequency-selective broadcast channels were presented in [14] - [18] based on multicarrier transmission, where an ISI broadcast channel was decomposed into parallel flat channels through discrete Fourier transform (DFT). Frequency-division multiple-access (FDMA)-based schemes were studied in [14] - [18] , where each subchannel is used by no more than one user, and some subchannel assignment schemes were given in [16] , [17] . Space-division multiple-access (SDMA)-based multicarrier scheme was considered in [18] , where all users can use any of the subchannels.
In this paper, we propose a multiuser downlink transmission scheme that effectively suppresses interference in frequency-selective fading channels. The base transceiver station (BTS) sends independent information simultaneously to multiple independent receivers through a frequency-selective broadcast channel, in which all users share the entire spectrum. Based on the idea of single-carrier frequency-domain equalization (SC-FDE) [19] - [21] , the proposed scheme employs SC frequency-domain beamforming and pre-equalization at the BTS, thereby removing the CCI and suppressing the ISI. Assuming that the channel information is available at the transmitter, the optimal preweighting vectors are designed to cancel the CCI completely, namely, zero-forcing the CCI, and then to minimize the mean-squared error (MSE) for each individual user. Though this zero-forcing constraint may compromise the overall performance of interference suppression of ISI and CCI, this constraint de-couples a coupled problem in a multiuser system for which there exists no analytical solution in the literature to date. A typical approach to solve this coupled problem is to employ numerical optimization methods which are usually very complex to implement. Our constrained optimization approach thus offers a simpler and more viable solution. Furthermore, in the resulting scheme, all the complexity is born by the transmitter. The results presented in this paper show that the proposed scheme with users and BTS antennas renders lower bit error rate (BER) than a single-user system with BTS antennas. It will be shown that the multiuser beamforming in the proposed scheme can reduce the correlation between two frequency subbands of frequency-selective spectrum, as compared to single-user beamforming. Thus, the probability of two frequency subbands being in deep fade simultaneously is smaller in a multiuser system than in a single-user system. This implies a better chance to recover the signal from the energy received from different frequency subbands in a multiuser system. Consequently, a multiuser system could provide a lower BER than a single-user scheme. This is in contrast to the result for flat-fading channels, which states that a -user scheme with BTS antennas can only achieve the BER performance of a single-user scheme with antennas, see, e.g., [13] . This paper is organized as follows. In Section II, a multiuser multiantenna system model is introduced. Section III presents a frequency-domain beamforming and pre-equalization scheme as well as the derivation of the optimal preweighting parameters. In Section IV the performance of the proposed scheme is examined and compared with the single-user system. Section V provides simulation results that demonstrate the improved performance achieved by the proposed scheme while Section VI addresses the complexity issue. Section VII concludes the paper.
Notation: Lowercase (uppercase) letters represent time-domain (frequency-domain) quantities. Boldface denotes vectors while regular face with a tilde sign denotes matrices. Superscripts , , represent complex conjugate, transpose and Hermitian operations, respectively.
II. MULTIUSER MULTIANTENNA SYSTEM MODEL
The configuration of the proposed multiuser multiantenna system is shown in Fig. 1 . Assume that there are antennas at the BTS and mobile stations (MSs) in the system. For simplicity, let there be only one receive antenna at each MS. Consider a single-carrier block-wise transmission with block length . At the BTS, the data symbols (to be transmitted) to the th user are first divided into blocks of symbols denoted by . To conduct frequency-domain transmit processing, we first pass these symbols through a serial-to-parallel converter (S/P) and an -point FFT to generate the frequency-domain blocks . These frequency-domain blocks are then transformed by an preweighting matrix (combined beamforming and pre-equalization) given by (1) where is an diagonal matrix. After that, at each transmit branch, the signals are passed through an IFFT and each block is then transmitted along with a cyclic prefix. The cyclic prefix is inserted to eliminate the interblock interference and convert the linear convolution of the channel into a cyclic convolution. At the receiver, the cyclic prefix is first removed, then the received block is multiplied by a scalar and detection follows. Throughout this paper, we assume a complex baseband discrete-time model with frequency-selective fading channels and additive white Gaussian noise (AWGN). Let (2) be the discrete-time impulse response of the th user's equivalent channel between the th BTS antenna and the receive antenna which includes the wireless propagation channel, the pulse shaping function and the receive filter impulse response. The channel coefficients are modeled as independent, zero-mean, complex Gaussian random variables with , where depends on the discrete power delay profile. Normalizing the average squared gain of each link from each BTS antenna to each MS antenna, we have unity average received power, i.e.,
. Without loss of generality, we assume are uncorrelated for all and , and are invariant within a data block, although they may vary from block to block. There might exist correlation between different users' channel coefficients. However, it does not affect the following derivations.
In this multiuser system, the received block of the th user can be written as (3) where is the received signal vector, is the additive Gaussian noise vector which is assumed to be zero-mean with covariance matrix (where denotes the identity matrix), is the circulant channel transfer matrix between the th BTS antenna and the th user's receive antenna, and is the DFT matrix to be specified below. 
where is a diagonal matrix whose diagonal elements are the -point DFT of , and the elements of the DFT matrix are Accordingly, for convenience and simplicity of discussion, the equivalent received frequency-domain signals are expressed as (5) where , , and are the DFT of , and , respectively. The received signal at the th bin of the th user is given by (6) where with and is the th user's preweighting vector for the th frequency bin, and its th element is the th diagonal element of , i.e., for and . Then the th symbol in the received block of th user can be rewritten as (7) The terms on the right-hand side of (7) are the desired signal , the ISI due to frequency-selective multipath fading, the CCI from other users and additive noise. The received signal is clearly corrupted by both ISI and CCI. The preweighting vector , when chosen appropriately, will suppress both CCI and ISI and offer improved performance.
III. DOWNLINK FREQUENCY-DOMAIN BEAMFORMING AND PRE-EQUALIZATION
Given the formulation of (7), the objective here is to cancel CCI and suppress ISI, subject to a total BTS transmit power constraint. In particular, we aim to suppress ISI under a zeroforcing constraint on CCI. The -user downlink transmission is a -coupled problem. The constraint of zero CCI proposed in this paper converts the coupled problems into independent problems. The resulting scheme could be suboptimal to the approach of minimizing the overall MSE for each user without the constraint. However, minimizing the overall MSE of each user generally requires numerical optimization which is usually very complex. Assume that the transmit power is equally allocated to users. Based on the signal model (3), the total transmit power of each user is and the CCI contributed by user to any other user is for any . Given a total transmit power constraint for all users (where is the average power of ) with known channel information, we aim to find the preweighting matrix and by minimizing the MSE between the input and output for each user. The problem can be formulated mathematically as one of finding and such that, (8) subject to (9) and (10) for all possible data vectors . Note that (9) represents the transmit power constraint for each user and (10) ensures that no users cause any interference to any other user. For simplicity of discussion, this problem is re-formulated for frequency-domain signals and parameters. The MSE of each user can also be expressed as . Thus, (8)- (10) can be reformulated as finding the vector and such that (11) subject to (12) and (13) The optimum preweighting vector in (11) for each bin of each user is the one that minimizes the MSE at the th MS and cancels all the CCI contributed from this user's signals to all the other users at the th frequency bin.
To find the solutions for and , decompose into two parts (14) where is a complex scalar and is a unitary complex vector characterizing the direction of . One can consider as the unitary beamforming vector for the th user's th frequency band and as the pre-equalization coefficient for the th frequency band of the equivalent channel after beamforming. With the constraints (12) and (13), the optimum solutions for and must satisfy (15) and (16) A.
Solution of and
With any beamforming vector that satisfies (15) , the received signal at the th bin of the th user can be simply expressed as (17) The optimum solution of and for (11) as a function of is found by minimizing the MSE of each user based on the above signal model, (17) . The MSE of user is given by , where
Furthermore, the power constraint (9) requires that (since ). Assume that time-domain symbols of each user form a zero-mean, independent and identically distributed (i.i.d.) data sequence with variance , and AWGN noise samples are statistically independent in each received block with zero-mean and variance . Further assume that the data symbols and AWGN noise samples are independent. Consequently, and are also independent with zero-mean and variance and , respectively. Thus, the MSE at each bin is (19) Minimizing the MSE with respect to and (with constraint ) for each user leads to the following equations for each user: (20) and (21) with , where is the Lagrange multiplier. The solutions of and from the above equations are, respectively, (22) and ( 
23)

B. Optimum Solution of
To obtain the optimum solution of which minimizes the MSE for each and satisfies (15) , rewrite the MSE for the th user based on the expressions for the optimum solutions of and as a function of in (22) and (23):
Minimizing is equivalent to maximizing [subject to and constraint (15)]. The solution of is the orthonormal projection of onto the null space of matrix (25) and is given by (26) The beamforming vector for user cancels the interference from user to all the other users. From the solution in (26), we should note that the system configuration is a necessary condition for the existence of . In this proposed multiuser system, the downlink multiuser ISI channel is decomposed into parallel single-user ISI channels. For each user, the CCI from other users' data stream is completely removed. We can think of as the effective channel at the th frequency bin of the th user and as the frequency-domain pre-equalization parameter for each bin of each user. The beamforming vector is chosen to maximize the SNR of the effective channel at each bin of each user, which is . And and are chosen to minimize the MSE of each user at the receiver for the effective channel with a power constraint. the SNR of the effective channel,
, also depends on the spatial correlation between different users through . The spatial correlation is measured by normalized inner product of two users' channel vector ( and ). Smaller spatial correlation results in larger while larger spatial correlation yields smaller . We can explore this feature to further improve the system performance through some user scheduling scheme. One scheme is to divide all the users into several subsets such that the spatial correlation within each subset is smaller than some threshold. At each time slot, the BTS only schedules the transmission to users within one subset. In this way, we can further reduce the signal strength loss due to CCI cancellation and better performance can be addressed.
IV. PERFORMANCE ANALYSIS
In this section, we compare the performance of the proposed multiuser system to that of a single-user system [22] for frequency-selective channels. Both systems employ single-carrier transmission and the energy of each symbol is spread over the entire spectrum. In frequency-selective environments, it is quite possible that some parts of the spectrum are in deep fade while others are not. Consequently, even when some subbands of the channel are in deep fade, one can still recover the symbols from other subbands. Smaller correlation between different subbands would imply a greater chance for such recoveries. Thus, better BER performance can be expected.
To further illustrate this, we compare a two-user system with transmit antennas to a single-user system with BTS antennas. Through the beamforming vector , a two-user broadcast channel is decomposed into two equivalent parallel single-user channels with BTS antennas. In this section, we will show that the correlation between any two subbands of the equivalent channel (after beamforming ) in a two-user system is smaller than that in a single-user system. Hence, a two-user system may render better BER performance.
A. Single-User System
In a single-user system [22] with BTS antennas and one MS antenna, the unitary transmit beamforming vector for the th frequency bin is . With transmit beamforming, the equivalent channel is , and the power of the equivalent channel is (27) where . As assumed in Section II, the time-domain channel coefficients are independent complex Gaussian random variable with zero mean and variance , and . So is also a complex Gaussian random variables with zero mean and unity variance. The mean and variance of are, respectively,
The correlation coefficient between and is (30) where
For detailed derivation, please see Appendix I. The correlation coefficient does not depend on the number of antennas .
B. Multiuser System
We consider a two-user system with BTS antennas. The unitary beamforming vector for user 1 is With transmit beamforming, the equivalent channel of user 1 is , and the power of the equivalent channel is The inequality (39) implies that the probability of both frequency bins and being in deep fade is smaller in a two-user system than in a single-user system. Hence, it is conceivable that a two-user system can achieve a lower BER than a single-user system can. This will be verified through simulation results in the following section. Furthermore, increasing the number of users would reduce the correlation coefficient , thereby improving the BER performance further, as to be shown in the next section.
C. Channel Estimation and Imperfect Channel Information
The above discussions assume perfect channel state information (CSI) at the BTS, though that is not always true in practice. In this subsection, we consider channel estimation in multiuser systems and the impact of imperfect CSI on the performance of multiuser systems.
Channel reciprocity usually exists between the downlink and uplink channels in time-division duplex (TDD) systems. Exploring this property, we can use the uplink transmission to estimate CSI for downlink transmission in TDD systems. The BTS schedules some pilot slots on the uplink, and during each pilot slot it schedules some of the users to transmit pilot sequences. One choice of pilot sequence is a set of orthogonal sequences generated from Golay complementary sequences [23] , [24] . Those orthogonal sequences have excellent autocorrelation characteristics and low aperiodic cross correlation [23] , [24] . Assume orthogonal sequences generated from Golay complementary sequences and denote them as . The BTS schedules users to transmit a pilot block during each uplink pilot slot. Different users transmit different . The received pilot signal at the th BTS antenna is (40)
We estimate the channel taps by calculating the correlation between and each . We first take and calculate the correlation between and . The result is , where is due to the correlation between and ( , ), the correlation between and and noise. Accordingly, the estimate for is . After we have obtained , we remove the contribution of by . We then estimate by calculating the correlation between the new and . We repeat the above calculation with updated and to estimate other taps . Then we repeat the above procedure for each to estimate the channel taps for all the users transmitting during the current pilot slot.
In a system where the reciprocity between the downlink and uplink channels does not exist [e.g., frequency division duplex (FDD)], the uplink channel information can not be used directly for downlink transmission. One approach to estimate the CSI is for the BTS to transmit pilots during some downlink pilot slot. Users estimate the downlink channel based on the received pilot signals and then feedback to BTS. We can still use the method described above to estimate the channel taps by employing the orthogonal sequences. We generate orthogonal sequences . The BTS schedules some pilot slot and transmits different from different BTS antenna. The received pilot signal at user is (41)
Then at each user, we estimate the channel taps by calculating the correlation between and and following the same procedure described in the above paragraph.
Naturally, performance degradation can occur due to imperfect CSI in both multiuser and single-user systems. In a single-user system with minimum MSE (MMSE) pre-equalization [22] , imperfect results in an imperfect pre-equalization parameter . Then the received useful signal power would be reduced and the error contained in the received signal could increase. As a result, the performance of ISI suppression is impaired. In a multiuser system with imperfect CSI, a beamforming vector is chosen such that it is orthogonal to the estimated channel matrix and the inner product is maximized. Then imperfect pre-equalization coefficients and are obtained accordingly. Thus, the received signal at the th MS with imperfect CSI is given by (42) One can see that the imperfect CSI in a multiuser system can impact the received signal in a number of ways. First, the CCI term in the received signal becomes nonzero. Second, the ISI residual in the received signal is increased. Third, the useful signal power is reduced. All these factors contribute to a reduction in the signal-to-error ratio at each MS and the performance is thus compromised. A BER floor could also occur.
Compared with a single-user system, a multiuser system is generally expected to suffer more from the imperfect channel information, because of the impairment to both CCI suppression and ISI suppression. Intuitively, each user in a multiuser system can still enjoy more frequency diversity than in a single-user system when the CSI is not known perfectly, and when the error in the channel estimate is not large. However, as the CSI error increases, more CCI arises in a multiuser system and thus the performance deteriorates more in a multiuser system than in a single-user system. Some quantitative analysis is given in Section VI where simulation results are presented.
V. COMPLEXITY ISSUES
In this paper, the number of complex multiplications is used as a measure of computational complexity. There are two major parts of this complexity: the complexity of calculating parameters and for each user and that of the processing to obtain each symbol output in for each user. The computational complexity of transmitting one block ( symbols) for each user is in the order of per symbol, which is mainly born by the BTS. At the MS, the only required computation is one scalar multiplication with . At the BTS, the computation needed to transmit to the users includes the following:
• FFTs: complex multiplications; • FFTs: complex multiplications; • Operation with for each user: complex multiplications. Thus, the processing complexity is complex multiplications per symbol and per user. The most significant complexity in calculating the parameters is that of calculating for each frequency bin of each user. To obtain in (26), one needs to compute the inverse of in (26) which has a complexity in the order of , for is a matrix. Furthermore, we need approximately complex multiplications to calculate and complex multiplications for the calculation of the other product in (26) . So the computational complexity needed to obtain all the beamforming and pre-equalization parameters is in the order of complex multiplications per user. This complexity is similar to that of a multicarrier multiuser system [18] .
We also need to consider the complexity used in channel estimation. Assume the length of orthogonal sequences is . In a TDD system, we need to calculate the cross-correlation between and with different delay shifts. Each cross-correlation needs roughly complex multiplications. So the total number of complex multiplications involved in the channel estimation for each user is in the order of . Similarly, in a non-TDD system, we also need to calculate the cross-correlation between and orthogonal sequences. The complexity of each user is in the order of complex multiplications.
VI. SIMULATION RESULTS
A. Configuration
To examine the scheme proposed in Section III, we conducted simulation experiments that employed the quadrature-phase-shift-keying (QPSK) modulation for BER performance evaluation. The size of transmission block (which is the size of FFT and IFFT), , was varied in accordance with channel models. For each simulation, 1,000 data blocks, each of which consisting of symbols were transmitted over more than 10,000 independent sets of channel realizations.
The results for both the single-user system [22] and the multicarrier multiuser system [18] are shown and compared. In the single-user system, there are multiple BTS antennas and one antenna at the receiver. The linear minimum mean-squared error (LMMSE) criterion is used to obtain the transmit pre-equalization matrix by minimizing the received MSE at the receiver [22] . In the multicarrier system, a multiuser OFDM scheme is employed. It is assumed that there are BTS antennas and one MS antenna in the OFDM-based system. Two transmit schemes are considered here. The first is FDMA, where each user uses one set of subbands and each tone is only occupied by one user. The subchannel allocation is done by maximizing the sum of all subbands' SNR, subject to a given number of subbands used by each user, namely, the data-rate requirement of each user. Another transmit scheme is SDMA, where each user uses all the subbands and the CCI is canceled by transmit preweighting vector which is orthogonal to all other user's channels at each subchannel. Since each user only uses a subset of subbands in the FDMA scheme, it requires a larger modulation constellation than the SDMA scheme to support the same data rate. It has been shown in [18] that the SDMA scheme provides better BER performance than the FDMA scheme does in supporting the same data rate. As such, we only compare the proposed system with multicarrier system employing the SDMA scheme.
B. Channel Model
The frequency-selective channels used in this section are based on the following delay profiles.
1) Multiray Uniform Power Profile:
The multiray power profile has rays with uniform power . The rays are uniformly spaced by the symbol interval and are modeled as independent complex Gaussian random variables. This uniform power profile can be used to simulate the worst kind of ISI channels. In particular, a six-ray profile was employed in the simulation, which is a standard profile used in GSM systems [25] . The root-mean-square (rms) delay spread is where is the symbol duration. For the 6-ray uniform power channel profile, the size of FFT and IFFT (i.e., the size of transmission data block ) was chosen to be 64 in our simulation for reasonable transmission efficiency.
2) SUI-5 Channel Profile:
The SUI-5 model is one of the six channel models adopted by IEEE 802.16 for evaluating broadband wireless systems in the 2-11 GHz bands. "SUI-5" is a high delay model associated with the use of omnidirectional antennas in suburban hilly environments. The channel has a maximum delay spread of 10 s, and an rms delay spread of 3.05 s. It has three echoes, at 0, 4, and 10 s, modeled as independent complex Gaussian random variables with the relative power of 0, 5, 10 dB, respectively. For the SUI-5 channel model, the size of FFT and IFFT was chosen to be 128.
The following Sections, VI-C and VI-D, will present simulation results of average BER to compare the proposed multiuser system with the single-user system and multicarrier multiuser SDMA scheme. The impact of multiuser beamforming on the correlation between subbands is further investigated in Section VI-E and it is shown that multiuser beamforming with a larger number of users can provide better BER performance. The impact of imperfect channel information is studied in Section VI-F.
C. Comparison With Single-User System
In Figs. 2 and 3 , the average BER results for various channel models are shown to compare the performance of the proposed multiuser system with that of a single-user system. The comparison is based on the same multiantenna diversity order for both systems, i.e., a multiuser system with users and transmit antennas is compared to a single-user system with transmit antennas. Both systems have the same multiantenna diversity order [26] . Fig. 2 shows the BER performance of a three-user system with an SUI-5 power profile, comparing with that of a single-user system. The number of BTS antennas in the three-user system varies from three to five (i.e., 3, 4, 5), compared with one to three BTS antennas (i.e., 1, 2, 3) in the single-user system. A close Fig. 3 . Performance comparison between a three-user scheme and a single-user scheme (six-ray uniform power profile).
examination of Fig. 2 reveals that the multiuser beamforming provides better BER performance than the single-user scheme in frequency-selective fading systems. These simulation results are consistent with the analytical results derived in Section III. Similar results are observed in Fig. 3 , where six-ray uniform power model was employed.
D. Performance Comparison With Multicarrier System
We now compare the BER performance of the proposed multiuser system with that of an uncoded OFDM-based multicarrier multiuser system employing SDMA scheme. The results for a three-user system in six-ray uniform power profile and in SUI-5 model are shown in Figs. 4 and 5, respectively. We can see that the proposed SC multiuser system significantly outperforms the OFDM-based system. There are two reasons. First, the OFDM-based multicarrier system does not explore any frequency diversity, while the single-carrier system does. Second, the multiuser scheme proposed in this paper can achieve more frequency diversity (than single-user single-carrier system) due to multiuser beamforming. It is important to note that the proposed scheme's computational complexity is comparable to that of the OFDM-based system, yet offers better BER performance.
E. Correlation Between Different Subbands
To further study the correlation issue, we looked into the BER performance of multiuser systems with different configurations. In Fig. 6 , the BER performance is compared for a three-user system with three BTS antennas, a four-user system with four BTS antennas and a seven-user system with seven BTS antennas. These configurations have the same multiantenna diversity order of 1. It is observed that the system with seven users has the best BER performance. This suggests that multiuser transmit beamforming with more users results in smaller correlation between different subbands. Fig. 7 examines the BER performance with imperfect channel information, where a three-user system with three BTS antennas is compared with a single-user system with one BTS antenna. These two systems have the same multiantenna diversity order, i.e., 1. The SUI-5 channel model was again employed. It is seen that the BER performance of both multiuser system and single-user system is impaired by the imperfect CSI and it deteriorates as the channel estimation error increases. At CSI 30 dB, the multiuser system still has better BER than the single-user system, and it even outperforms the single-user system with perfect CSI. However, at CSI 20 dB, the single-user system outperforms the multiuser system due to significant CCI residual existing in the multiuser system. Similar results can be observed in Fig. 8 , where the BER performance of a three-user system with four BTS antennas is compared with that of a single-user system with two BTS antennas.
F. Impact of Imperfect CSI
VII. CONCLUSION
In this paper, we have considered the CCI and ISI suppression for multiuser downlink transmission in frequency-selective fading channels. A single-carrier frequency-domain multiuser transmit beamforming and pre-equalization technique was proposed. The optimal beamforming and pre-equalization vectors were derived by canceling the CCI and minimizing the MSE for each individual user. Our results demonstrated that, in frequency-selective fading channels, the multiuser scheme with users and BTS antennas could offer times improvement in system throughput while providing improved BER performance over a single-user scheme with BTS antennas. 
APPENDIX I CALCULATION OF
To obtain (30), the key is to calculate:
As in Section II, the time-domain channel coefficients are modeled to be zero-mean and complex Gaussian random variables with variance . The power of channel . The real and imaginary parts of are independent zero-mean Gaussian random variables with variance . is independent for different and different . So and are uncorrelated for but are correlated for . If , For same and , and are correlated. The first term on the right-hand side of (51) is . The second term on the right-hand side of (51) is 2, while the third term on the right-hand side of (51) The first term on the right-hand side of (54) is . The second term on the right-hand side of (54) is
The third and forth term are equal and given by Thus, given and , the correlation between and is (55)
